Abstract. Let G be a connected semi-simple algebraic group of adjoint type over an algebraically closed field, and let G be the wonderful compactification of G. For a fixed pair (B, B − ) of opposite Borel subgroups of G, we look at intersections of Lusztig's G-stable pieces and the B − ×B-orbits in G, as well as intersections of B × B-orbits and B − × B − -orbits in G. We give explicit conditions for such intersections to be non-empty, and in each case, we show that every non-empty intersection is smooth and irreducible, that the closure of the intersection is equal to the intersection of the closures, and that the non-empty intersections form a strongly admissible partition of G.
1. Introduction 1.1. Let Z be an irreducible algebraic variety over an algebraically closed field k. By a partition of Z we mean a finite disjoint union Z = i∈I X i such that each X i is a smooth irreducible locally closed subset of Z and that the closure of each X i in Z is the union of some X i ′ 's for i ′ ∈ I.
1.2. Let G be a connected semi-simple algebraic group of adjoint type over an algebraically closed field k. Regard G as a G × G homogeneous space by the action (g 1 , g 2 ) · g = g 1 gg −1 2 , g 1 , g 2 , g ∈ G. The De Concini-Procesi wonderful compactification G of G is a smooth (G × G)-equivariant compactification of G [2, 3] .
Let B and B − be a pair of opposite Borel subgroups of G. The partition of G into the B × B-orbits was studied in [1] and [27] . In his study of parabolic character sheaves on G in [22, 23] , G. Lusztig introduced a decomposition of G into finitely many G-stable pieces, where G is identified with the diagonal G diag of G × G. It was later proved in [12] that Lusztig's G-stable pieces form a partition of G.
This paper concerns with 1) intersections of B × B-orbits and B − × B − -orbits in G, 2) intersections of the G-stable pieces with B − × B-orbits in G. Our motivation partially comes from Poisson geometry. Let H = B ∩B − . When k = C, there is [6, 21] a natural H ×H-invariant Poisson structure Π 1 on G whose H ×H-orbits of symplectic leaves are the nonempty intersections of B × B and B − × B − -orbits. Similarly, there is natural H diag -invariant Poisson structure Π 2 on G whose H diag -orbits of symplectic leaves are the non-empty intersections of G diag -orbits and B − × B-orbits. The restrictions of Π 1 and Π 2 to G ⊂ G are closely related to the quantized universal enveloping algebra of the Lie algebra of G and its dual (as a Hopf algebra). See [7, 19] .
The closures of such intersections also appear in the study of algebrogeometric properties of G. In the joint work [16] of He and Thomsen, it was proved that in positive characteristics, there exists a Frobenius splitting on G which compatibly splits all the nonempty intersections of the closures of B × B-orbits and B − × B − -orbits in G. In particular, all such closures are weakly normal and reduced. Moreover, the closure of a B × B-orbit is globally F-regular in positive characteristic and is normal and Cohen-Macaulay for arbitrary characteristic.
Later, in the joint work [17] of He and Thomsen, it was proved that in positive characteristics, there exists a Frobenius splitting on G which compatibly splits all the nonempty intersections of the closures of Gstable pieces and B − × B-orbits in G. In particular, all such closures are weakly normal and reduced. However, the closure of a G-stable piece is not normal in general [17, No. 11 .2].
1.3. To state our results more precisely, we introduce some notation. Let N G (H) be the normalizer of H in G, and let W = N G (H)/H be the Weyl group. Let Γ be the set of simple roots determined by the pair (H, B). For J ⊂ Γ, let W J be the subgroup of W generated by J, and let W J ⊂ W the set of minimal length representatives of W/W J in W . If J ′ is a another subset of Γ, and x ∈ W , let min(W J ′ xW J ) and max(W J ′ xW J ) be respectively the unique minimal and maximal length elements in the double coset W J ′ xW J .
For x, y ∈ W , let x * y ∈ W be such that B(x * y)B is the unique dense (B, B)-double coset in BxByB. The operation * makes W into a monoid which will be denoted by (W, * ). See [25] . Let δ ∈ Aut(G) be such that δ(H) = H and δ(B) = B. Let G δ = {(g, δ(g)) : g ∈ G} ⊂ G × G be the graph of δ. We will in fact work with G δ -stable pieces in G (see definition below).
Recall that the G × G-orbits in G are in one to one correspondence with subsets of Γ. For J ⊂ Γ, let Z J be the corresponding G × Gorbit in G. One has Z J = K⊂J Z K , and Z J is smooth. See [2, 3] . Let h J be a distinguished point in Z J (see §3.1). For w ∈ W J and
We introduce the notion of admissible partitions and strongly admissible partitions of G (see Definition 3.1) and show that the six partitions in (1) and (2) are all strongly admissible (Proposition 3.2, Theorem 3.2, and Theorem 3.3). Moreover, the first two partitions in (1), as well as the last two in (1) , are shown to be compatible. As consequences, we prove 1) if J ⊂ Γ and if X is a subvariety of Z J appearing in any of the six partitions in (1) and (2), then for any K ⊂ J, X ∩ Z K = ∅, and X and Z K intersect properly in Z J . Moreover, we describe the irreducible components of X ∩Z K in each case (Corollaries 3.3 and 3.4). This result for G = J⊂Γ,(x,y)∈W J ×W [J, x, y] −,+ was also obtained by M.
with J, K ⊂ Γ, w ∈ W J and (x, y) ∈ W K × W , and if X ∩ Y = ∅, we show that X and Y intersect properly in Z J∪K (Corollary 3.5).
In positive characteristic, let G F = {(g, F (g)) : g ∈ G} be the graph of Frobenius morphism F : G → G. In §4, we study the intersection of the G-stable pieces with G F -orbits. Such intersections include as a special case the Deligne-Lusztig varieties.
Our discussions in this paper, and especially that in §2.9 and §3.5, also apply to intersections of R-stable pieces and B × B-orbits, where R is a certain class of connected subgroups of G × G as in [20] , as long as R∩(B ×B) is connected and that Lie(R)+Lie(B ×B) = Lie(G×G).
1.4. We set up more notation for the rest of the paper.
For α ∈ Γ, let U α be the one dimensional unipotent subgroup of G defined by α. For a subset J of Γ, let P J and P W ∩ W J . Throughout the paper, always means disjoint union. [20] , an admissible quadruple for G is a quadruple C = (J, J ′ , c, L), where J and J ′ are subsets of Γ, c : J → J ′ is a bijective map preserving the inner products between the simple roots, and L is a connected closed subgroup of
Intersections in
with C ⊂ Cen(M J ) and C ′ ⊂ Cen(M J ′ ) being closed subgroups and
When G is of adjoint type, the G × G-orbits in the De Concini-Procesi compactification G of G are all of the form Z C for some admissible quadruples C (see §3.1).
For
It follows from [27] that
are the partitions of Z C by the B × B, B − × B, and B − × B − -orbits, respectively.
2.3. Let δ be an automorphism of G preserving both H and B, and let
The sets Z C,δ,w for w ∈ W J will be called the G δ -stable pieces in Z C . By [12, 20, 28] , each Z C,δ,w is a locally closed smooth irreducible subset of Z C , and
is the partition of Z C by the G δ -stable pieces.
2.4. We now recall the closure relations of the B × B-orbits and
2) For w ∈ W J , Z C,δ,w = Z C,δ,w ′ , where w ′ runs over elements in
w for some u ∈ W J . See [13, Corollary 5.9] .
Using that facts that
for some u ∈ W J .
2.5. Recall that the monoid operation * on W is defined by B(x * y)B= BxByB for x, y ∈ W . Similarly, for x, y ∈ W , define x ⊲ y ∈ W and x ⊳ y ∈ W by
Then (W, * ) × W −→ W : (x, y) −→ x ⊲ y, x, y ∈ W is a left monoid action of (W, * ) on W , and
is a right monoidal action of (W, * ) on W . More properties of * , ⊲ and ⊳ are reviewed in the Appendix.
2.6. We now determine when the intersection of a B × B-orbit and a
Proof. Using the facts that x, u ∈ W J , it is easy to see that
0 Bc(z)B) = ∅ for some z ∈ W J . By Lemma 5.7 and Lemma 5.3 in the Appendix, (5) is the same as
and vw
Example 2.1. When R C = G diag and Z C is identified with G, the intersections in Proposition 2.1 are of the form ByB ∩ B − wB − for y, w ∈ W , and are called double Bruhat cells [8] . It is well-known (see, for example, [8] ) that the intersection (ByB) ∩ (B − wB − ) is non-empty for all y, w ∈ W , which can also be seen from Proposition 2.1.
2.7.
We now determine when the intersection of a G δ -stable piece and a B − × B-orbit in Z C is nonempty.
Proof. Using the facts that w, x ∈ W J , it is easy to see that
for some z ∈ W J , which is equivalent to
0 Bc(z)B) = ∅ which, by Lemma 5.7 and Lemma 5.3 in the Appendix, is equivalent to
for some z ∈ W J . Since by Lemma 5.4 in the Appendix, (yw
Conversely, if (9) holds, then
Thus (8) is equivalent to (9) , which, by Lemma 5.3 in the Appendix, is equivalent to
by Lemma 5.4 in the Appendix, and since
by Lemma 5.5 in the Appendix. The equivalence of 2) and 3) also follows from Lemma 5.5 in the Appendix.
2.8. We now discuss some consequences of the results in §2.6 and §2.7.
−,+ = ∅ follows from Proposition 2.2 and the following Lemma 2.1.
Proof. First note that
and the fact that BzBw −1 B = Bzw −1 B for any z ∈ W J , one sees that (11) is equivalent to 
Since for any z ∈ W J and z
with equality holds when z = w J 0 and z ′ = w
2.9. To study the geometry and closures of the non-empty intersections in §2.6 and §2.7, we first recall some elementary facts on intersections of subvarieties in an algebraic variety. 
where p(h, k) = kx, m(h, k) = h −1 k, and q(a) = ax for h ∈ H, k ∈ K, and a ∈ A. Let
The following Lemma 2.3 is useful in determining the irreducible components of intersections of algebraic varieties and will be used several times in the paper. Proof. Let S be any irreducible component of Y . Then 
Proof. Let (i, j) ∈ I × J be such that X i ∩ Y j = ∅, and let
is a disjoint union. By [10, Page 222], every irreducible component of
Thus the inequality in (13) is an equality if and only if (i −,+ intersects transversally in Z C , the intersection is smooth and irreducible, and
In this case, [C, x, y] and [C, u, v]
−,− intersects transversally in Z C , the intersection is smooth and irreducible, and
is connected, and 
Lemma 2.2 applies. By taking
of Z C , one proves part 1). Part 2) can be proved in the same way.
Remark 2.1. In both 1) and 2) in Theorem 2.1, the fact that the intersection is non-empty if and only if the intersection of the closures is non-empty can also been obtained using §2.4 and Proposition 2.1 and Proposition 2.2. However, the proof we give is more conceptual.
3. Intersections in G 3.1. Let G be a connected semi-simple adjoint group and G be the De Concini-Procesi compactification. It is well-known that the G × Gorbits in G are in one to one correspondence with subsets of Γ. For 
One thus has the isomorphism
3.3. The closure of a G × G-orbit is described in [2, 3] 2) For J ⊂ Γ and (
and denote by Min(C J (w)) the set of minimal length elements in C J (w). The closure of a G δ -stable piece is described in [12, Sections 3 and 4] as follows: 5) For J ⊂ Γ and w ∈ W J , Z J,δ,w = Z K,δ,w ′ , where K ⊂ J, w ′ ∈ W K , and w ′ w 1 for some w 1 ∈ Min(C J (w)).
3.4. We can now prove our first main result in this paper.
−,+ = ∅, which, by Proposition 2.2, is equivalent to
By Lemma 5.5 and Lemma 5.3 in the Appendix, (20) is equivalent to
which is in turn equivalent to min(W J δ(w)) y −1 * δ(x).
Admissible partitions of G.
In order to generalize Theorem 2.1 to G, we will introduce the notion "admissible partitions" and discuss some of their properties.
Definition 3.1. A partition of G is said to be admissible if it is of the form
where for each J ⊂ Γ and α ∈ A J , X J,α ⊂ Z J and
Note that the partition G = J⊂Γ Z J is strongly admissible. are strongly admissible. 
Thus the first partition in (22) is strongly admissible. The second and third partitions of G in (22) , being the translations by (w 0 , 1) and by (w 0 , w 0 ) of the first one, are thus also strongly admissible.
Consider now the partition of G into the G δ -stable pieces. Let K ⊂ J ⊂ Γ and w ∈ W J . If w ′ ∈ W K is such that Z K,δ,w ′ ⊂ Z J,δ,w , one knows from §3.3 that there exists w 1 ∈ Min(C J (w)) such that w ′ w 1 . Hence
Thus the partition G = J⊂Γ,w∈W J Z J,δ,w is strongly admissible.
Definition-Notation 3.1. Two admissible partitions
of G are said to be compatible if for any J ⊂ Γ, α ∈ A J , and β ∈ B J with X J,α ∩ Y J,β = ∅, X J,α and Y J,β intersect transversally in Z J and X J,α ∩ Y J,β is irreducible. For two such partitions of G, and for K ⊂ J ⊂ Γ, α ∈ A J , and β ∈ B J , let
Proposition 3.3. 1) Any admissible partition of G is compatible with the partition of G into G × G-orbits;
2) The partitions of G into G δ -stable pieces and into B − × B-orbits are compatible;
3) The partitions of G into B × B-orbits and into B − × B − -orbits are compatible. (23) . Then for any J, K ⊂ Γ and α ∈ A J and β ∈ B K , if X J,α ∩ Y K,β = ∅, then X J,α and Y K,β intersect properly in Z J∪K , and
Proof. Let J, K ⊂ Γ, α ∈ A J , and β ∈ B K be such that X J,α ∩ Y K,β = ∅. Regard both X J,α and Y K,β as subvarieties of Z J∪K . Since Z J∪K is smooth and irreducible with
On the other hand,
For each non-empty intersection on the right hand side of (24),
By Lemma 2.3, every irreducible component of X J,α ∩ Y K,β has dimension l, and the irreducible components are exactly as described in Theorem 3.1.
By taking the second admissible partition in Theorem 3.1 to be the one by G × G-orbits, we have the following Corollary 3.1.
Corollary 3.1. Let a strongly admissible partition of G be given as in (21) , and let J ⊂ Γ and α ∈ A J . Then for any K ⊂ Γ, X J,α ∩ Z K = ∅ and X J,α and Z K intersect properly in Z J∪K . Moreover,
and in this case,
In particular,
is a strongly admissible partition of G.
−,− = ∅ and (27) holds. By Corollary 3.2, the partition (28) of G is admissible. To show that it is also strongly admissible, let (J, x, y, u, v) ∈ J and let K ⊂ J.
By definition, there exists
This shows that the partition (28) is strongly admissible.
is a strongly admissible partition of G. −,+ = ∅ and (29) holds. By Corollary 3.2, the partition (30) of G is admissible. To show that it is also strongly admissible, let (J, w, x, y) ∈ K and let K ⊂ J. By definition, there exists z ∈ W J such that yz = max(yW J ). Set
Since min(W J δ(w)) y −1 * δ(x), one has
, and
This shows that the partition (30) of G is strongly admissible. Applying Theorem 3.1, we have 
A generalization of Deligne-Lusztig varieties
4.1. Let the ground field be an algebraically closed field in positive characteristic. Let F : G → G be a Frobenius map. We may choose a Borel subgroup B and a maximal torus H in such a way that F (B) = B and F (H) = H. Then F induces an automorphism on W which we still denote by
4.2. We now consider the intersection of a G δ -stable piece and a G Forbit in Z C . In the special case where Z C = G/B × G/B and δ is identity map, Z C,δ,1 ∩ Z C,F,w ′ are just the Deligne-Lusztig varieties [5] . It is also worth mentioning that in general Deligne-Lusztig varieties are not irreducible and not Frobenius split. See [9] .
On the other hand, Z C,δ,w ∩ Z C,F,w ′ is the union of subvarieties Z C,δ,x ∩ Z C,F,y , where x and y run over elements in W J such that Z C,δ,x ⊂ Z C,δ,w and Z C,F,y ⊂ Z C,F,w ′ . For such x and y,
with equality holds only when dim Z C,δ,x = dim Z C,δ,w and dim Z C,F,y = dim Z C,F,w ′ , i.e., x = w and y = w ′ . Therefore the irreducible components of Z C,δ,w ∩ Z C,F,w ′ are precisely the closure Y , where Y is an irreducible component of
Remark 4.1. The Proposition 4.1 can also be generalized to G. We omit the details.
Appendix
Recall that W is the Weyl group of G. We now prove some properties of the operations * , ⊳, ⊲ on W as defined in Section 2.5. In fact, many properties also holds for arbitrary Coxeter groups. See [15] . 1) x * y ∈ W is the unique maximal element in the set {uy : u x} as well as in the set {xv; v y}. Moreover, x * y = x 1 y = xy 1 , where x 1 x, y 1 y and l(x * y) = l(x 1 ) + l(y) = l(x) + l(y 1 );
2) x ⊲ y ∈ W is the unique minimal element in the set {uy : u x}, and x ⊲ y = x 1 y with x 1 x and l(x ⊲ y) = l(y) − l(x 1 );
3) x ⊳ y ∈ W is the unique minimal element in the set {xv; v y}, and x ⊳ y = xy 1 with y 1 y and l(x ⊳ y) = l(x) − l(y 1 ). The following Lemma 5.6 can be found in [4, 18] . The following result will be used several times in our paper. 
